We provide the cosmological solutions for Randall-Sundrum models with the bulk energy-momentumT 5 5 incorporated. It alters the Friedmann equation for the brane scale factor. We make a specific choice ofT 5 5 which is adjusted to stabilize the extra dimension. This makes it possible to compactify the extra dimension with a single positive tension brane, and this model provides a RS-type solution to the cosmological constant problem. When the same idea is applied to the RS model with two branes, the wrong sign of Friedmann equation for the negative tension brane can be resolved, but a specific correlation between energy densities on two branes is still required to reproduce the usual FRW universe.
I. INTRODUCTION
There has been enormous interest in the brane world theories recently. In these theories, it is assumed that standard model particles are confined to a (3+1)-dimensional brane of higher dimensional spacetime, while gravity propagates in the whole bulk. One virtue of these models is that very large extra dimensions are allowed without conflicting with the current experimental bounds, which makes it possible to lower the fundamental scale of gravity to the electroweak scale by introducing large extra dimensions [1] . There has been an extensive study on phenomenology and cosmology of this model. Randall and Sundrum (RS) proposed different brane models [2, 3] , in which the background metric is curved along the extra dimension due to the negative bulk cosmological constant. These RS models have drawn much attention recently because they provide a new way of addressing the gauge hierarchy problem and the cosmological constant problem. There have been studies on the characteristics of these models [4] , the extensions to higher dimensions and more branes [5] and connections to supergravity and string theories [6] , their phenomenological consequences [7] , and inflationary solutions [8, 9] and cosmology [10] [11] [12] [13] [14] [15] [16] [17] of these models.
The cosmology of these models can be very different from the conventional four dimensional cosmology. Hence it can provide a lot of interesting constraints on these models. In regard of this, an important observation is that, without the bulk cosmological constant and the brane tension, the late evolution of the brane scale factor deviates from the usual FRW universe [10] . For the RS model with a positive tension brane, it was found that the usual FRW universe can be reproduced [11, 12] . However, for the negative tension brane which is considered to be our universe in the RS model which solves the gauge hierarchy problem, the opposite sign appears in front of the brane energy density. Furthermore, to maintain the extra dimension to be static in this model, a very specific relation needs to be imposed between brane energy densities of positive and negative tension branes as well as brane tensions themselves. Recently, it was pointed out that this is because the stabilization mechanism is not included in the model and these problems disappear if it is included [15] .
In this paper, we attempt a simple extension of previous analyses for brane cosmology in five dimension, by incorporating the bulk energy-momentum, specifically non-trivialT 5 5 component. It alters the evolution of the brane scale factor and leads to intriguing consequences. We make a very specific choice ofT 5 5 which is adjusted to stabilize the extra dimension. Though it requires a very specific form ofT 5 5 which is correlated with brane energy densities, there was recently an argument that it may arise naturally as a consequence of stabilization mechanism [16] . In addition, this is a minimal extension in which the extra dimension can be stabilized without assuming correlation between energy densities on the branes, and the exact bulk solution can still be obtained.
We apply this idea to the RS models with one and two branes. The existence of balancing bulk energy momentumT 5 5 makes it possible to compactify an extra dimension just with a single brane. This single brane model has an interesting feature that it converts a cosmological constant problem to a dynamical problem to determine the size of extra dimension, as the original RS model did for the gauge hierarchy problem. When applied to the Randall-Sundrum's two-brane model, the negative matter density on the negative tension brane is not required any more because the extra dimension is now stabilized by balancinĝ T 5 5 for any values of energy densities. However, if we assume the parameter values which fit the current cosmological constant bound and the gauge hierarchy problem, we obtain a very unusual Friedmann equation for the scale factor of negative tension brane, whose evolution is governed mainly by the energy density of positive tension brane. To reproduce the conventional Friedmann equation in this model, the energy densities on two branes are required to be highly correlated. This looks very striking, but contriving at first sight, but we have no reason to discard this possibility since we started with two brane tensions correlated in such a way in this model. We will also mention loopholes in the model which make it free from the above conclusion. This paper is organized as follows: In section II, we describe our framework of fivedimensional brane models and Einstein equations. In section III, we present the exact bulk solution and the Friedmann equation for the brane scale factor in the presence ofT 5 5 . In section IV, we explore one and two brane models, withT 5 5 which is tuned to stabilize the extra dimension. We conclude and present discussion in section V.
II. THE FRAMEWORK
We consider the five-dimensional spacetime with coordinates (τ, x i , y) where τ and x i denote the usual four-dimensional spacetime and y is the coordinate of the fifth dimension. The action describing our framework is
where M is the fundamental five dimensional Planck mass andL M represents all nongravitational contributions, including those responsible for branes. The five dimensional Einstein equation derived from this action iŝ
Since we are interested in the cosmological solutions, we consider the metric
where γ ij is a 3 dimensional homogeneous and isotropic metric and we will use K = −1, 0, +1 to represent its spatial curvature. The five-dimensional Einstein tensorĜ M N for this metric is given byĜ
where dots and primes denote derivatives with respect to τ and y respectively. The energymomentum tensor is a function of τ and y, and divided into bulk and brane sourceŝ
Singular brane sources are treated by imposing the junction conditions on the bulk solutions for the bulk sources
One of our assumptions about the energy-momentum tensor is thatT 05 = 0, which means that there is no flow of matter along the fifth dimension. This implies
With this equation, we can write the 00 and 55 equations in simpler form. Let us define [14] F
Then the 00 and 55 component equations are written as
Ifρ is independent of y, which is the case we will consider in this paper, we can integrate (12) with respect to y and obtain
where C(τ ) is an integration constant which does not depend on y. Differentiating (14) with respect to τ and using (13), we get the equation for Ċ
Before we try to solve bulk equations, let us mention the energy-momentum conservation
These equations will give constraints onp 5 .
III. COSMOLOGICAL SOLUTIONS WITH A STATIC EXTRA DIMENSION
We consider the (negative) bulk cosmological constant and brane tensions and matters on the brane. In addition, we also consider non-zerop 5 component in addition to the bulk cosmological constant.ρ
Now we assume that the extra dimension is stabilized by some mechanism, and follow the evolution of the scale factor on the brane after the extra dimension is settled down at a stable point, in the sense thatḃ = 0. Then we can always make b a constant, which measures the physical size of the extra dimension. For the bulk energy momentum (18) , the equation (16) is automatically satisfied and the equation (17) restricts the form of p 5 (τ, y) to be
Forḃ = 0, the equation (10) implies thatȧ/n is y independent, that iṡ
and (15) 
Now the equation (14) withρ = Λ b can be written as
Sinceȧ/n = λ(τ ) is y-independent forḃ = 0, we can perform y-integration again. For the negative bulk cosmological constant, Λ b < 0, we obtain
where k 2 = −Λ b /6M 3 and D(τ ) is the second integration constant. We may write D(τ ) in terms of a 0 (τ ) ≡ a(τ, y = 0) andȧ 0 (τ ) ≡ȧ(τ, y = 0) if we fix the gauge by the condition n(τ, y = 0) = 1. Then the Eq. (20) gives λ(τ ) =ȧ 0 (τ ), and the consistency requires a 2 to be written as
Hence we get the whole bulk solution, once a 0 (τ ) and C(τ ) are known. C(τ ) is determined up to a constant by the bulk momentum p 5 according to the Eq. (21). a 0 (τ ) can be fixed by a brane boundary through (9) . Suppose that a brane is placed at y = 0, and assume the Z 2 symmetry, y ∼ −y, meaning the brane forms a boundary of five-dimensional spacetime. Then the boundary condition (9) applied to (24) gives a evolution equation for a 0 (τ )
This is a Friedmann equation for the scale factor on the brane. This equation looks different from the usual four dimensional Friedmann equation, in that the right hand side has a term which is not proportional to ρ 0 but to ρ 2 0 and an additional C term which reflects the influence of bulk matter through the Eq. (21). In the absence of bulk matter, that is, p 5 = 0 in our framework, C is a constant fixed by the initial condition. The C-term gives a radiationlike (in the sense that it is proportional to a −4 0 ) contribution to the energy density, and its size can limited by nucleosynthesis [14] . The behavior H 2 ∝ ρ 2 0 is much more problematic, if we assume the brane is our universe, since it results in unconventional evolution of the scale factor and spoils good predictions of nucleosynthesis. This is a cosmological difficulty associated with the simple brane world scenario [10] .
The behavior H 2 ∝ ρ 0 can be recovered by introducing the negative bulk cosmological constant together with the brane tension. For the brane with both tension and matter, replacing ρ 0 with Λ 0 + ρ 0M in the Eq. (25), we obtain
where k 0 = Λ 0 /6M 3 . Identifying the four dimensional Planck mass M 2 P = 6M 6 /Λ 0 and taking C = 0, we recover the usual four dimensional Friedmann equation for ρ 0M ≪ Λ 0 . Adjusting the bulk cosmological constant and the brane tension to cancel each other, that is k 2 = k 2 0 , corresponds to a fine tuning which makes the four-dimensional cosmological constant vanish. This gives a viable cosmology for the positive tension brane attached to the infinite size extra dimension [3, 14] . For the finite size extra dimension, we must consider the effect of stabilization mechanism for the finite size, which inevitably introduces bulk matter in the story. On the other hand, if we have a negative tension brane as in the original Randall-Sundrum model, this leads to anti-gravity on that brane since a opposite sign appears in front of ρ 0M . Unfortunately, this negative tension brane was considered to be our universe in the RS model to solve the gauge hierarchy problem. We will be back to this negative tension brane problem in the next section.
IV. STABILIZATION OF THE EXTRA DIMENSION BY BALANCING BULK MATTER AND COSMOLOGICAL SOLUTIONS
A quite interesting observation was made in Ref. [13] , that the usual four-dimensional Friedman equation is recovered by the bulk matter which is correlated with the brane matter. If we have bulk matter,p 5 in this paper, of the form
it gives rise to a C-term
so that the usual Friedmann equation can be achieved up to a constant C 0 term. In the subsequent paper by the same authors [16] , it was argued that this bulk matter distribution arises from the back reaction to the brane matter in the stabilization mechanism. The same idea can be used to resolve the cosmological difficulty when we have a negative tension brane. We can think of non-trivialp 5 correlated with brane energy densities in such a way that it gives rises to
However, this possibility should be considered together with the stabilization mechanism. Let us consider the evolution of scale factor in the Randall-Sundrum model. We put the second brane at y = 1 2 , and consider the five-dimensional bulk surrounded by two branes. Now the boundary condition (9) at y = 1 2 imposes a constraint
where we used a notationρ i = ρ i /6M 3 k (i = 0, 1 2 ) andC = C/k 2 a 4 0 . Without bulk matter, i.e., C = constant, it gives a constraint between energy densities on two branes. This is necessary to keep the extra dimension static without assuming any stabilization mechanism. Let us examine this constraint in detail in the RS setup, where two boundary branes have tensions Λ i (i = 0, 1 2 ) of the same size with opposite signs and adjusted to satisfy Λ 2 i /6M 3 = Λ b . We put the negative tension brane at y = 0, and replaceρ 0 andρ1 2 with −1 +ρ 0M and +1 +ρ1 2 M respectively in (30), to get the constraint in the RS model
Forρ 0M ,ρ1 2 M ≪ 1, and e kb ≫ 1 which is necessary to solve the gauge hierarchy problem in this framework, it becomesρ
.
For C = 0, it is required that ρ1 2 M and ρ 0M have the opposite signs, and furthermore ρ1 2 M is correlated with ρ 0M by the same exponential factor which is used to solve the gauge hierarchy problem. This parallels the situation in the inflationary solution that the more fine balance between the bulk cosmological constant and the brane tension by the same factor is necessary in the positive tension brane to keep the extra dimension static, when the relation Λ 2 i /6M 3 = Λ b does not hold exactly [9] . Csaki et al. [15] pointed out that this odd constraint is due to requiring the static extra dimension without proper inclusion of stabilization mechanism.
Here we attempt to connect the bulk energy momentumT 5 5 to the stabilization mechanism, as a possible and simple model as to how the stabilization mechanism works in brane models. We suppose that there is an (unspecified) stabilization mechanism, and it gives rise to bulk energy-momentum tensor dynamically, specificallyT 5 5 , as a back reaction to the brane energy densities which, if left alone, would destabilize the extra dimension. In general, it is expected that the stabilization mechanism inducesT i i as well asT 5 5 [18] , but we focus on the role ofT 5 5 in this paper. This means in our framework that the stabilization mechanism gives rise to C term satisfying the constraint (30) for any given ρ 0 and ρ1 2 which is necessary to keep the extra dimension static. Solving it for C, we get
There can be a correction to this C term, because b may not be strictly static but be shifted somewhat as ρ i changes in time. We assume that the amount of this shift is very small and the above C and the correspondingT 5 5 which induces it gives a good effective description of the dynamics of stabilization mechanism.
Inserting this into the Eq. 
Not only ρ 0 but also ρ 1/2 appears in the right hand side due to the influence of balancing bulk matter. Let us look at the case ρ1 2 = 0 first. This corresponds to compactifying the extra dimension without the second brane. This is made possible by the role ofp 5 . This case was also considered by Kanti, et al. recently [16] . The Friedmann equation (34) becomes
and the correspondingp 5 is given bŷ
If we take out the brane tension from the brane energy density, the above equations become
where k 0 = Λ 0 /6M 3 . The Eq. (37) gives the usual Friedmann equation for the positive tension brane, with the identification M 2 p = (M 3 /k) tanh(kb) and Λ eff = Λ 0 − (6M 3 Λ b ) 1 2 tanh(kb). This model does not address the gauge hierarchy problem, but it has intriguing implication for the cosmological constant. Suppose that we have the relation k = k 0 in some way. Then the size of the cosmological constant has an exponential dependence on the size of extra dimension. It means we can obtain a very tiny cosmological constant from a moderate size of extra dimension. For example, Ω Λ ∼ 1 can be obtained for kb ≈ 140. The situation is very similar to that of the original RS model which converts the gauge hierarchy problem to a dynamical problem which determines the size of extra dimension. This model does the same thing for the cosmological constant problem. Here we are not to urge that this model is on the way to a genuine solution to the cosmological constant problem, since such a small difference can always overwhelmed by other perturbations. But it's a good thing to have such a model. Now we turn to the two brane case. Splitting the brane energy density into the brane tension and the matter energy density, The Friedmann equation (34) can be rewritten as
where k i = Λ i /6M 3 and Λ i , (i = 0, 1 2 ) are brane tensions. If this model has anything to do with our universe up to the electroweak scale, and to solve the gauge hierarchy problem, the orders of magnitude of parameters are
where ρ c is the critical density and M W is the electroweak scale. When the strict Randall-Sundrum condition k = −k 0 = k 1 2 is imposed, the cosmological constant term vanishes and the above equation is simplified to
We may first stick to the situation where matter resides only on the negative tension brane, that is, ρ1 2 M = 0 (or ρ1 2 M ≪ ρ 0M e −2kb ). Then the right hand side is approximated by (1/3M 2 P )ρ 0M e −kb where M P ≈ M 3 /k. It is plagued by an unwanted e −kb suppression compared to the usual Friedmann equation. The balancingT 5 5 component paralyzes ρ 0M and it does not seem that the usual FRW can be reproduced with ρ 0M only. Furthermore, an extremely tiny value of ρ1 2 M can dominate over ρ 0M due to an e kb factor. Therefore, for the values in (40), ρ1 2 M has to be considered, and the Friedmann equation for the negative tension brane is approximated by
Unexpectedly, we come to a situation where the energy density of the positive tension brane ρ1 2 M , rather than that of the negative tension brane ρ 0M , plays a dominant role in the evolution of the negative tension brane. The influence of balancing bulk matter is so crucial. If we wish to obtain sensible cosmology in this model, we are urged to correlate ρ1 2 M to ρ 0M by
The necessity of this correlation can have been noticed from Eqs. (29) and (32). It looks very perplexing and contriving at first sight. However, since the Randall-Sundrum model was built up in such a way that very specific correlations holds between the bulk cosmological constant and the brane tensions, there is no reason to discard such a correlation between brane energy densities. We might expect that they have the same origin. Related to this, we give a comment on the cosmological constant problem in this model. As noted above, the cosmological constant vanishes if the Randall-Sundrum condition exactly holds. If not, that is, there is a small cosmological constant in our universe, the balance between the bulk cosmological constant and the brane tension on the positive tension brane must be more accurate by the same exponential factor which correlates ρ 0M and ρ1 2 M .
V. CONCLUSION
In conclusion, we provided an exact five-dimensional bulk solution which corresponds to a cosmological solution of RS models, when the bulk energy momentumT 5 5 is incorporated. We showed that the existence of bulk energy-momentumT 5 5 alters the evolution of brane scale factor in an interesting way, and can be used to stabilize the extra dimension in RS models. We exploited the idea thatT 5 5 is adjusted dynamically in such a way to stabilized the extra dimension. This is a simple and possible way how the stabilization mechanism works in the RS models. Its impact on the evolution of brane scale factor is quite intriguing. We can construct a single brane RS model with a compact extra dimension. This model has a nice feature that the effective cosmological constant on the brane depends exponentially on the size of extra dimension, thereby it provides a RS-type solution to the cosmological constant problem. For the two brane RS model, the influence of balancingT 5 5 is very striking. If we assume the parameter values which fit the current cosmological constant bound and the gauge hierarchy problem, we obtain a Friedmann equation for the negative tension brane, whose right hand side is dominated by the energy density of positive tension brane. To reproduce the conventional Friedmann equation in this model, the energy densities on two branes are required to be highly correlated. This is not an end of the story. It does not mean the RS models with balancingT 5 5 are just speculative nor they have to be abandoned.
It reveals a certain aspect of the RS model hidden behind its setup, which deserves further investigations. Finally, we wish to mention possible loopholes in the models considered in this paper. First, we took onlyT 5 5 into consideration in this paper, but it is plausible that the stabilization mechanism inducesT i i as well asT 5 5 . Inclusion of inducedT i i may alter the conclusions presented here. Second, we required a strictly static extra dimensionḃ = 0 during the evolution of brane, but this is not obligatory for phenomenology, nor strictly achieved by the stabilization mechanism. There is room to relax the condition (33).
